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Abstract
We study the Gerstenhaber bracket on differential forms induced by the two main examples of Jacobi manifolds:
contact manifolds and l.c.s. manifolds. Moreover, we obtain explicit expressions of the generating operators and the
derivations on the algebra of multivector fields. We define star operators for contact manifolds and l.c.s. manifolds
and we study some of its properties.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
It is known that given a linear isomorphism from the cotangent bundle onto the tangent bundle it is
possible to define a nondegenerate Gerstenhaber bracket on the algebra of differential forms. This is,
if L :T ∗M → TM is the isomorphism let us denote by the same symbol its C∞(M)-linear extension
L :Ω(M)→ Γ (ΛTM), then
[[α,β]]L =−L−1
([L(α),L(β)]SN),
for any α,β ∈ Ω(M), where [ , ]SN is the Schouten–Nijenhuis bracket of multivector fields, see [24].
The isomorphism L :T ∗M → TM determines a tensor field L ∈ Γ (TM ⊗ TM). Two special cases
are well known: First, when L is a symmetric tensor field, this is, a Riemannian metric g = L. In this
case, the Gerstenhaber bracket coincides with the one generated by the codifferential operator induced
by the Riemannian metric. This is, δ = (−1)k −1g ◦d ◦ g|Ωk(M), where g is the usual Hodge operator
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induced by the metric g, see [24]. Second, when M is a symplectic manifold and the tensor field L is the
nondegenerated Poisson bivector field, say Λ= L. In this case, the Gerstenhaber bracket coincides with
the one generated by the operator LΛ = [iΛ, d]. Moreover, one can prove that
[iΛ, d] = (−1)k+1 Λ ◦d ◦ Λ|Ωk(M),
where Λ is the skewsymmetric counterpart of the Hodge operator. This star operator was first introduced
by Liberman, see [19], and the previous relation can be found in [5].
The purpose of this paper is to study similar facts for contact manifolds and locally conformal
symplectic manifolds (l.c.s.). These manifolds are the two main examples of Jacobi manifolds that are
not Poisson manifolds. In fact, it is known that any Jacobi manifold is foliated by contact (odd dimension)
or l.c.s. (even dimension) leaves, see [6].
In Sections 2 and 3 we give the definitions and some results that will be needed hereafter. In the
following sections, we present the results obtained: First, we find an explicit expression of the operator
that generates the Gerstenhaber bracket on forms defined in a contact manifold, Proposition 4.5, or in a
l.c.s. manifold, Proposition 6.3. Second, we find an explicit expression of the derivation of degree 1 on the
algebra of multivector fields induced by the Lie algebroid structure on the cotangent bundle determined
by a contact manifold, Proposition 4.7, or a l.c.s. manifold, Proposition 6.4. Third, we define a star
operator for contact manifolds (or l.c.s.) and we prove that the generating operator of the Gersthenhaber
bracket is the conjugation of the exterior derivative by this star operator, Theorem 5.4 (or Theorem 7.2).
The definition of the star operator for l.c.s. manifolds is a generalization of that given in [19] for
symplectic manifolds. However, the definition for contact manifolds is a little bit more delicated. In
the symplectic case the tensor field determined by the isomorphism induced by the symplectic form
is skewsymmetric, and in the Riemannian case the tensor field is symmetric as it was pointed before.
Nevertheless, in a contact manifold, the tensor field determined by the isomorphism has a skewsymmetric
part and a symmetric part. This fact forces to define the inverse of the star operator in a different manner
to that for symplectic manifolds.
Finally, it has to be noted that our constructions of a Gerstenhaber bracket on the algebra of differential
forms, the generating operators of the bracket and the derivations on the algebra of multivector fields are
done using the structure given on the manifold (contact or l.c.s). Here we do not use the “Poissonization”
of a Jacobi manifold as it is done in [10] or [25], were the authors introduce a Lie algebroid structure on
the vector bundle of 1-jets of real functions on the manifold determined by the Jacobi structure.
2. Gerstenhaber algebras and Lie algebroids
In this section we are going to define the main concepts that appear in the rest of the article. They can
be found in a variety of articles [9,20,26], but our conventions are basically those of [13].
Let M be a differentiable manifold of dimension n and let us denote the algebra of differential forms
on M by Ω(M) =⊕nk=0 Ωk(M) =⊕nk=0Γ (ΛkT ∗M), and by V(M) =⊕nk=0 Γ (ΛkTM) the algebra
of multivector fields on M . It is known that with the Schouten–Nijenhuis bracket the algebra V(M) is
a graded Lie algebra of degree −1, see [4,15,24]. The Schouten–Nijenhuis bracket is an example of
what is called in the literature Gerstenhaber bracket, see [12], or a graded Poisson bracket of degree −1,
see [2].
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Let (A =⊕i∈ZAi ,∧) be a graded commutative associative algebra. A graded Lie algebra structure
of degree −1 on A, (A, [[ , ]]), is called a Gerstenhaber algebra bracket if, for each α ∈ Ai , the
endomorphism [[α, ]] is a derivation of degree (i − 1) of A (graded Leibniz rule) (see [12]). We will
call Gerstenhaber bracket the graded Lie algebra bracket of a Gerstenhaber algebra. We say that A is a
Batalin–Vilkovisky algebra if there exists an endomorphism of A of degree −1, ∂ , such that the bracket
(2.1)[[α,β]]∂ = (−1)α
(
∂(α ∧ β)− ∂(α)∧ β − (−1)αα ∧ ∂(β)),
for α ∈ Aα and β ∈ A, coincides with the Gerstenhaber bracket of A. This is, [[ , ]] = [[ , ]]∂ , and then
we say that ∂ is a generating operator for the bracket. If, in addition, ∂2 = 0 we say that ∂ is an exact
generating operator and (A, [[ , ]]∂ , ∂) is an exact Gerstenhaber algebra.
A Gerstenhaber bracket on the algebra of differential forms can be easily defined by means of a linear
isomorphism L :T ∗M → TM and the Schouten–Nijenhuis bracket. This is, let us consider the extension
of this isomorphism to an C∞(M)-homomorphism of graded algebras from Ω(M) to V(M) also denoted
by L, then, if α = α1∧· · ·∧αk, with αi ∈Ω1(M), i = 1, . . . , k, we have that L(α)= L(α1)∧· · ·∧L(αk).
Thus, we have the following:
Definition 2.1. Let L :T ∗M → TM be a linear isomorphism. We define the Gerstenhaber bracket on
Ω(M), [[ , ]]L, as
[[α,β]]L =−L−1
([L(α),L(β)]SN),
for any α,β ∈Ω(M).
Note that the properties of antisymmetry, Jacobi identity and Leibniz rule for this bracket are obtained
by the same properties of the Schouten–Nijenhuis bracket of multivector fields on M .
Lie algebroids. Let π :A→M be a real vector bundle over M of rank n. A Lie algebroid structure on
π :A→M is a pair that consists of a Lie algebra structure [ , ]Γ (A) on the space Γ (A) of the global cross
sections of π :A→M and an homomorphism of C∞(M)-modules a :Γ (A)→X (M) (the anchor map)
which satisfies the following conditions:
(i) a : (Γ (A), [ , ]Γ (A))→ (X (M), [ , ]) is a Lie algebra homomorphism.
(ii) For all f ∈C∞(M) and for all γ1, γ2 ∈ Γ (A) one has
[γ1, f γ2]Γ (A) = f [γ1, γ2]Γ (A) + a(γ1)(f )γ2.
A triple (A, a, [ , ]Γ (A)) is called a Lie algebroid over M (see [20,22]).
It is known that given a Lie algebroid (A, a, [ , ]Γ (A)) one can define a Gerstenhaber algebra on
Γ (ΛA) and viceversa. This is, let (A, a, [ , ]Γ (A)) be a Lie algebroid over M and consider the graded
commutative associative algebra (Γ (ΛA) = ⊕nk=0Γ (ΛkA),∧), where Γ (ΛkA) is the space of the
global cross sections of the real vector bundle ΛkA→M. Then one can introduce a Gerstenhaber bracket
[[ , ]] on Γ (ΛA) which is characterized by the following relations:
[[f,g]] = 0, [[γ,f ]] = a(γ )(f ), [[γ, γ ′]] = [γ, γ ′]Γ (A),
for γ, γ ′ ∈ Γ (A) and f,g ∈ C∞(M). Conversely, let π :A→M be a real vector bundle over M of rank n
and [[ , ]] a Gerstenhaber bracket on Γ (ΛA). Then, [[ , ]] defines a Lie algebra structure [ , ]Γ (A) on Γ (A)
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and the triple (A, a, [ , ]Γ (A)) is a Lie algebroid over M, a :Γ (A)→X (M) being the homomorphism of
C∞(M)-modules given by
a(γ )(f )= [[γ,f ]],
for γ ∈ Γ (A) and f ∈ C∞(M) (for more details, see [7,12,14,21]).
Moreover, any Lie algebroid structure (A, a, [ , ]Γ (A)) defines a derivation of degree 1, da , on the
algebra of sections of the dual algebra, Γ (ΛA∗), and viceversa. The derivation da is defined like the
exterior derivative,
(daP )(γ0, . . . , γp)=
p∑
i=0
(−1)ia(γi)
(
P(γ0, . . . , γˆi, . . . , γp)
)
(2.2)+
p∑
0i<jp
(−1)i+j P ([γi, γj ]Γ (A), γ0, . . . , γˆi, . . . , γˆj , . . . , γp),
where P ∈ Γ (ΛpA∗) and γi ∈ Γ (A), i = 0, . . . , p. The derivation da satisfies that d2a = 0 and it is
determined by its value on C∞(M) and on Γ (A∗):
(daf )(γ1)= a(γ1)(f ),
(2.3)(daX)(γ1, γ2)= a(γ1)
(
γ2(X)
)− a(γ2)(γ1(X))−X([γ1, γ2]Γ (A)).
Conversely, the derivation da determines with the previous formulae the anchor map and the bracket
of the Lie algebroid structure on A.
The trivial example of a Lie algebroid is the structure given in TM by the identity map of the tangent
bundle, a = Id. The bracket is the usual bracket of vector fields and the derivation da = dId is the exterior
derivative, d .
Remark 2.2. Let L :T ∗M → TM be a linear isomorphism, then (T ∗M,a = −L, [[ , ]]L) is a Lie
algebroid. Moreover, the derivation of degree 1 on the algebra of multivector fields is
da = d−L =−L∗ ◦ d ◦
(
L−1
)∗
,
where L∗ and (L−1)∗ are the dual isomorphisms of L and L−1.
Let us introduce now two results given in [13]. The first relates the derivation da and a generating
operator of the Gerstenhaber bracket on Γ (ΛA). The second, is an application to a Batalin–Vilkovisky
structure on Ω(M) of a more general result.
In order to introduce the first result, let (A, a, [ , ]Γ (A)) be a Lie algebroid of rank n over M and let
us suppose that there exists a nowhere vanishing µ ∈ Γ (ΛnA∗). Then, one can define the isomorphism
µ :Γ (Λ
kA)→ Γ (Λn−kA∗) as
µ(Q)= iQµ.
We adopt the convention that if Q=X1 ∧ · · ·∧Xk, Xi ∈ Γ (A), then iQ = iX1∧···∧Xk = iXk ◦ · · · ◦ iX1 . This
convention is different from that of [13].
Proposition 2.3 [13]. The operator ∂µ = (−1)k −1µ ◦da ◦ µ|Γ (ΛkA) is a generating operator of the
Gerstenhaber bracket on Γ (ΛA). Moreover, ∂2µ = 0.
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If, in addition, we choose a nowhere vanishing λ ∈ Γ (ΛnA), then one can define the isomorphism
λ :Γ (Λ
kA∗) → Γ (Λn−kA) as λ(α) = iαλ, for any α ∈ Γ (ΛkA∗). The relations between the
isomorphisms µ and λ are
(λ ◦ µ)(Q)= (−1)k(n−k)〈µ,λ〉Q,
(2.4)(µ ◦ λ)(α)= (−1)k(n−k)〈µ,λ〉α,
for Q ∈ Γ (ΛkA∗) and α ∈ Γ (ΛkA).
Corollary 2.4. Let L : T ∗M → TM be a linear isomorphism, µ ∈ Γ (ΛmTM) be a nowhere vanishing
section and (Ω(M), [[ , ]]L) be the Gerstenhaber algebra defined by L. The operator
∂µ =−(−1)k −1L ◦d ◦ L|Ωk(M),
where L = (L−1)∗ ◦ µ, is a generating operator of null square.
The isomorphism L :Ωk(M)→Ωn−k(M) is given by
(2.5)L(α)=
(
L−1
)∗(
µ(α)
)= iLα((L−1)∗µ),
for α ∈Ωk(M). Therefore, L = (L−1)∗ ◦ µ = (L−1)∗µ ◦L. Moreover, if λ= (L−1)∗µ then
L ◦ L|Ωk(M) =
(
L−1
)∗ ◦ µ ◦ λ ◦ L|Ωk(M) = (−1)k(m−k)〈µ,λ〉(L−1)∗ ◦L|Ωk(M).
The other result is adapted to an exact Gerstenhaber algebra defined on Ω(M) and it clarifies the
definition of the cohomology induced by da on the algebra of multivector fields, V(M)= Γ (ΛTM).
Proposition 2.5 [13]. Let (T ∗M,a, [ , ]) be a Lie algebroid and let (Ω(M), [[ , ]]∂ , ∂) be an exact
Gerstenhaber algebra. Then,
[∂, iQ] = −(−1)qida(Q),
for Q ∈ Γ (ΛqTM).
Example 2.6. Let g ∈ Γ (S2TM) be a Riemannian metric and &g :TM → T ∗M and #g :T ∗M → TM
be the induced isomorphisms by the Riemannian metric. Using the isomorphism #g we can define the
Gerstenhaber bracket on Ω(M) as is done in Definition 2.1. Therefore, (T ∗M,a =−#g, [[ , ]]#g ) is a Lie
algebroid structure. Moreover, it is known, see [3,24], that this bracket is generated by the codifferential
operator induced by the Riemannian metric, δ, where δ = (−1)k ∗−1g ◦d ◦ ∗g|Ωk(M), and ∗g is the Hodge
operator. It is also known that the derivation d#g = −#g ◦ d ◦ &g . Therefore, both operators are the
conjugation of the exterior derivative by the Hodge operator and by the isomorphism extension.
The purpose of the next sections is to study some facts for contact manifolds and locally conformal
symplectic manifolds. These manifolds are the basic examples of Jacobi manifolds, see [11,18], that are
not Poisson manifolds.
Definition 2.7 [18]. A Jacobi manifold is a triple (M,Λ,E), where M is a differentiable manifold, Λ is
a skewsymmetric bivector and E is a vector field such that
[Λ,Λ]SN =−2E ∧Λ, [E,Λ]SN = 0.
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When the vector field E vanishes we recover the definition of a Poisson manifold. This is, (M,Λ)
with [Λ,Λ]SN = 0.
Remark 2.8. Note that there is a minus sign for the Schouten–Nijenhuis bracket of Λ. The reason is
that our Schouten–Nijenhuis bracket is a Gerstenhaber bracket, and therefore, it differs from that of [18]
and [24]. The relation is the following: Let P ∈ Γ (ΛpTM) and Q ∈ Γ (ΛqTM), then[[iP , d], iQ]= (−1)(p−1)q i[P,Q] = (−1)(p−1)(q−1) i[P,Q]SN ,
where [P,Q] is the bracket used in the cited references. Therefore, [P,Q] = (−1)p+1[P,Q]SN .
As an easy consequence of the definitions of Jacobi manifold and the Schouten–Nijenhuis bracket we
have the following
Lemma 2.9. Let (M,Λ,E) be a Jacobi manifold and f,h ∈C∞(M), then
(i) [Λ( ,df ),Λ( , dh)] = −Λ( ,dΛ(df, dh))+E(f )Λ( , dh)−E(h)Λ( , df )−Λ(df, dh)E,
(ii) E(Λ(df, dh))=Λ(dE(f ), dh)+Λ(df, dE(h)).
3. Poisson and symplectic manifolds
Let M be a manifold of dimension m and Λ ∈ Γ (Λ2TM) be a Poisson bivector field, this is,
[Λ,Λ]SN = 0. Then, (M,Λ) is a Poisson manifold. Let us denote by #Λ :Ω1(M)→X (M) the C∞(M)-
linear morphism defined as #Λ(α) = Λ( ,α), α ∈Ω1(M), and we also denote by the same symbol the
extension to a map from Ω(M) onto V(M).
It is known that (Ω(M), [[ , ]]LΛ,LΛ = [iΛ, d]) is an exact Gerstenhaber algebra and, therefore,
(T ∗M,a = −#Λ, [[ , ]]LΛ) is a Lie algebroid. Moreover, the derivation of degree 1 on the algebra of
multivector fields, d−#Λ , verifies that
(3.1)d−#Λ ◦ #Λ = #Λ ◦ d.
It can be shown that the cohomology operator on the algebra of multivector fields defined in [15] as
σ (Q) = [Λ,Q]SN is just d−#Λ . The cohomology obtained is termed the Poisson cohomology of M ,
see [17] for a detailed study.
If the morphism #Λ :Ω1(M)→ X (M) is an isomorphism then (M,Ω = (#Λ)−1Λ) is a symplectic
manifold. In this case, as a consequence of relation (3.1), the Poisson cohomology is isomorphic to the
de Rham cohomology of M .
Star calculus on symplectic manifolds. In [19] a star operator for symplectic manifolds is introduced.
Let us recall its definition and some of its properties. Let ν =Ωm/m! be a volume form. The morphism
Λ :Ω
k(M)→Ω2m−k(M) is defined using the isomorphism #Λ as follows
Λ(α) := i#Λαν.
Proposition 3.1 [19]. Let (M,Ω) be a symplectic manifold, γ ∈Ωp(M) and Q ∈ Γ (ΛqTM). Then,
(i) Λ(1)= ν, Λ(ν)= 1.
(ii) Λ(Ωss! )= Ω
m−s
(m−s)! .
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(iii) Λ ◦ Λ|Ωk(M) = Id.
(iv) γ˜ = (−1)p(k−1) Λ ◦γ ◦ Λ|Ωk(M) = (−1)pi#Λ(γ ).
(v) i˜Q = (−1)qk Λ ◦ iQ ◦ Λ|Ωk(M) = #−1Λ (Q).
In particular, we have that
Ω˜ = Λ ◦Ω ◦ Λ|Ωk(M) = i#Λ(Ω) = iΛ, i˜Λ = Λ ◦ iΛ ◦ Λ|Ωk(M) = #−1Λ (Λ)=Ω.
The relation between the generating operator of the bracket on Ω(M) and the exterior derivative is
given in the following
Theorem 3.2 [5]. Let (M,Ω) be a symplectic manifold, then
∂ =LΛ = (−1)k+1 Λ ◦d ◦ Λ|Ωk(M).
Remark 3.3. Note that if µ = Λm/m! then the definition of Λ is equivalent to that of #Λ given in
formula (2.5),
#Λ(α)=
(
#−1Λ
)∗(
iα
Λm
m!
)
= i#Λα
((
#−1Λ
)∗(Λm
m!
))
= i#Λα
Ωm
m! = Λ(α).
Moreover, if λ=Ωm/m! then (#−1Λ )∗(µ)= λ and Λ = (#−1Λ )∗ ◦ µ = λ ◦ #Λ. Therefore,
(Λ ◦ Λ)(α)=
((
#−1Λ
)∗ ◦ µ ◦ λ ◦ #Λ)(α)= (−1)k((#−1Λ )∗ ◦ #Λ)(α)= α,
where we used relations (2.4). Note also that, with these conventions, the previous theorem is a conse-
quence of Proposition 2.3.
4. Contact manifolds
Let M be a (2m+ 1)-dimensional manifold and η a 1-form on M . We say that η is a contact 1-form
if η ∧ (dη)m = 0 at every point, this is, is a volume form. In such a case (M,η) is termed a contact
manifold (see, for example, [18] and [19]). In a contact manifold (M,η) one can define the isomorphism
of C∞(M)-modules &c :X (M) → Ω1(M), X → &c(X) = iX dη + η(X)η. Moreover, if we define the
2-vector Λ on M and the vector field E on M given by
(4.1)Λ(α,β)= dη(&−1c (α), &−1c (β)), E = &−1c (η),
for all α,β ∈Ω1(M), then the isomorphism &−1c :Ω1(M)→X (M) is given by
(4.2)&−1c (α)=−Λ(α, )+ α(E)E =Λ( ,α)+ α(E)E.
Remark 4.1. We are going to use also the dual isomorphisms of the isomorphisms &c and &−1c defined as(
&∗cX
)
Y =X(&cY )=
(−iX dη+ η(X)η)Y, β((&−1c )∗α)= α(&−1c β)= β(−Λ( ,α)+ α(E)E),
where α,β ∈Ω1(M) and X,Y ∈X (M). Note that, (&−1c )∗(η)=E and (&−1c )∗(dη)=Λ.
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Remark 4.2. It is known that a contact manifold (M,η) is a Jacobi manifold. In fact, the bivector field Λ
and the vector field E are these defined in (4.1). The vector field E is just the Reeb vector field of (M,η).
It is characterized by the relations
iEη= 1, iE dη= 0.
The graded Gerstenhaber bracket induced by a contact structure. Let us study the bracket induced by
the isomorphism &−1c :Ω1(M)→X (M).
Proposition 4.3. Let (M,η) be a contact manifold. Then the bracket induced by &−1c is characterized by
[[f,h]]&−1c = 0,
(4.3)[[df,h]]&−1c =Λ(df, dh)−E(h)E(f ),
[[df, dh]]&−1c = dΛ(df, dh)+Λ(df, dh)η−E(f ) dh+E(h)df
−E(f ) dE(h)+E(h)dE(f ),
for any f,h ∈C∞(M).
Proof. The bracket [[ , ]]&−1c is characterized by its value on C∞(M) and on Ω1(M) as a consequence
of the graded Leibniz rule. Therefore, let f,h ∈ C∞(M). It is obvious that [[f,h]]&−1c = [f,h]SN = 0 and
with (4.2) we have
[[df,h]]&−1c =−
[
&−1c (df ), h
]=−&−1c (df )(h)=−(Λ(dh, df )+E(f )E(h))
=Λ(df, dh)−E(h)E(f ).
The other term needs more calculations. Note that,
[[df, dh]]&−1c =−&c
([
&−1c (df ), &
−1
c (dh)
])=−&c([Λ( ,df )+E(f )E,Λ( , dh)+E(h)E]).
Now, using Lemma 2.9 and (4.2) we obtain that[
&−1c (df ), &
−1
c (dh)
]=E(f ){Λ( ,dh)+E(h)E +Λ( , dE(h))+E(E(h))E}
−E(h){Λ( ,df )+E(f )E +Λ( , dE(f ))+E(E(f ))E}
−Λ(df, dh)E −Λ( , dΛ(df, dh))−Λ(dE(f ), dh)E +Λ(dE(h), df )E
=E(f ){&−1c (dh)+ &−1c (dE(h))}−E(h){&−1c (df )+ &−1c (dE(f ))}
−Λ(df, dh)E − &−1c
(
dΛ(df, dh)
)
,
and finally
[[df, dh]]&−1c =−&c
([
&−1c (df ), &
−1
c (dh)
])= dΛ(df, dh)+Λ(df, dh)η
−E(f )(dh+ dE(h))+E(h)(df + dE(f )). ✷
As an example, let us give the value of the bracket [[ , ]]&−1c on the contact form, η, and on its differential,
dη. We have that
[[η, η]]&−1c =−&c
([
&−1c (η), &
−1
c (η)
]
SN
)=−&c[E,E]SN = 0,
(4.4)[[dη, η]]&−1c =−&c
([
&−1c (dη), &
−1
c (η)
]
SN
)=−&c[Λ,E]SN = 0,
[[dη, dη]]&−1c =−&c
([
&−1c (dη), &
−1
c (dη)
]
SN
)=−&c[Λ,Λ]SN = 2&c(E ∧Λ)= 2η ∧ dη.
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Remark 4.4. Note that any Poisson bivector on a contact manifold determines a derivation of degree 1
on Ω(M) and null square. In fact, let (M,η) be a contact manifold and let P ∈ Γ (Λ2TM) be a Poisson
bivector on M . Then, &c(P ) ∈Ω2(M) and[[
&c(P ), &c(P )
]]
&−1c =−&c
([
&−1c
(
&c(P )
)
, &−1c
(
&c(P )
)]
SN
)=−&c([P,P ]SN)= 0.
Therefore, dP = [[&c(P ), ]]&−1c is a derivation of degree 1 on Ω(M) such that (dP )2 = 0. This is, let
γ ∈Ω(M) then
(dP )
2(γ )= [[&c(P ), [[&c(P ), γ ]]&−1c ]]&−1c = 12[[[[&c(P ), &c(P )]]&−1c , γ ]]&−1c = 0.
The generating operator. Let us determine the generating operator of the Gerstenhaber bracket on
Ω(M) induced by a contact structure. We know, by Proposition 2.3, that if a nonvanishing element
µ ∈ Γ (Λ2m+1TM) is chosen then, a generating operator is
∂ = (−1)k+1 −1
&−1c
◦d ◦ &−1c |Ωk(M),
where &−1c = (&c)∗ ◦ µ. Nevertheless, we are going to determine the generating operator using another
method that allows us to obtain an explicit expression for it.
Theorem 4.5. Let (M,η) be a contact manifold and let Id be the identity map of the cotangent bundle.
Then, the differential operator
D = LΛ +LE ◦ iE − η ◦ iΛ + iId ◦ iE
generates the bracket induced by the isomorphism &−1c . Moreover, the generating operator ∂c =D−miE
has null square and (Ω(M), [[ , ]]&−1c = [[ , ]]∂c , ∂c) is an exact Gerstenhaber algebra.
Proof. The proof is an adapted version of Proposition 3.2 in [1]. Let f,h ∈ C∞(M) and let us define a
tensor field Q ∈ Γ (TM ⊗ TM) associated to the bracket [[ , ]]&−1c as
Q(df ;dh)= [[f, dh]]&−1c =Λ(df, dh)+E(f )E(h).
Note that Q is the tensor field associated to the isomorphism &−1c . In fact, Q(df ;dh) = i&−1c dh df . We
split Q into its skew-symmetric part, Λ, and its symmetric part, E ⊗E. With the skew-symmetric part
we define the operator LΛ = [iΛ, d] and with the symmetric one the operator LE ◦ iE . Now, we have that
[[f, dh]]&−1c = [[f, dh]]D′, where D′ = LΛ+LE ◦ iE . The rest of the generating operator is obtained from
a tensor field C ∈ Γ (T ∗M ⊗Λ2TM) defined as follows
C(X;df, dh)= ([[df, dh]]D′ − [[df, dh]]&−1c )(X).
The fact that it is C∞(M)-linear in the last to arguments and skew-symmetric can be shown using the
properties of the brackets. Note that the bracket [[ , ]]D′ is not a Gerstenhaber bracket, but it satisfies the
anticommutativity and Leibniz rule. Using that [[df, dh]]D′ = dΛ(df, dh)−E(f ) dE(h)+E(h)dE(f )
and expression (4.3) we have that
C( ;df, dh)=−Λ(df, dh)η+E(f ) dh−E(h)df,
and therefore, C =−η⊗Λ+E∧ Id, where Id is the identity map of the cotangent bundle. We have now
all the operators and we can conclude that a generating operator is
D = LΛ +LE ◦ iE − η ◦ iΛ + iId ◦ iE.
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In order to prove this we compute the value of the bracket defined by D on functions and one forms. We
use that
D(df )= LE
(
E(f )
)=E(E(f )),
(4.5)D(hdf )=Λ(dh, df )+E(h)E(f )+ hE(E(f )),
D(df ∧ dh)=−dΛ(df, dh)+E(E(f ))dh+E(f ) dE(h)−E(E(h))df −E(h)dE(f )
−Λ(df, dh)η+E(f ) dh−E(h)df.
Therefore, the bracket defined by D is characterized by
[[f,h]]D = 0,
[[df,h]]D =Λ(df, dh)−E(h)E(f ),
[[df, dh]]D =−
(
D(df ∧ dh)−D(df ) dh+D(dh)df )
= dΛ(df, dh)+Λ(df, dh)η−E(f )(dh+ dE(h))+E(h)(df + dE(f )).
We only have to compare these expressions with these in (4.3) that characterize the bracket induced by
the isomorphism &−1c .
In order to prove the second part of the theorem, let us compute the value of D2,
D2 = 12 [D,D] = 12 [LΛ,LΛ] − [LΛ,η] ◦ iΛ + η ◦ [LΛ, iΛ] +LΛ ◦ iE
−LE ◦ [iE, η] ◦ iΛ − [η ◦ iΛ, iId] ◦ iE − iId ◦ [η ◦ iΛ, iE]
=− 12L[Λ,Λ]SN − [LΛ,η] ◦ iΛ − η ◦ i[Λ,Λ]SN +LΛ ◦ iE −LE ◦ iΛ − η ◦ iE∧Λ − iId ◦ iΛ,
where we used that [Λ,E]SN = 0. Now, using that [Λ,Λ]SN =−2E ∧Λ and
(4.6)LE∧Λ =−LΛ ◦ iE +LE ◦ iΛ, [LΛ,η] = i−Id+η⊗E + (iΛ dη)=−iId + η ◦ iE +m,
we have
D2 =−(−iId + η ◦ iE +m) ◦ iΛ + 2η ◦ iE∧Λ − η ◦ iE∧Λ − iId ◦ iΛ =−miΛ.
Moreover, [D, iE] = −[η, iE] ◦ iΛ =−iΛ and
1
2 [D−miE,D−miE] =D2 −m[D, iE] = 0.
Therefore, ∂c =D −miE is an exact generating operator of the bracket [[ , ]]&−1c . ✷
As a consequence of that proposition it is easy to prove that the derivations on Ω(M) of degree 0 and
degree 1 associated to η and dη are the following
[[η, ]]&−1c =−
([∂c, η] − ∂c(η))=−LE,
(4.7)[[dη, ]]&−1c = [∂c, dη] − ∂c(dη)=−d + η ◦LE + dη ◦ iE + η ◦ iId,
where we used (4.6).
Remark 4.6. In our previous work, [2], we studied Gerstenhaber brackets in the context of graded
manifolds, and there, the derivations [[η, ]]&−1c and [[dη, ]]&−1c are the graded Hamiltonian vector fields
associated to η and dη.
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The explicit expression of the generating operator ∂c and Proposition 2.5 allows us to obtain an explicit
expression for the derivation of degree 1 on the algebra of multivector fields induced by the contact
structure.
Proposition 4.7. The derivation of degree 1 and null square on V(M) defined by the Lie algebroid
structure (T ∗M,a =−&−1c , [[ , ]]&−1c ) can be written as
σc(Q)= d−&−1c (Q)= [Λ,Q]SN −E ∧ [E,Q]SN −Λ∧Q(η, . . . , )+ qE ∧Q,
where Q ∈ Γ (ΛkTM).
Proof. Let Q ∈ Γ (ΛqTM) be a multivector field then using Proposition 2.5 we have that
id−&−1c Q
=−(−1)q[∂c, iQ]
= (−1)q+1([LΛ, iQ] + (−1)q[LE, iQ] ◦ iE − [η, iQ] ◦ iΛ)− [iId, iQ] ◦ iE
= i[Λ,Q]SN − iE∧[E,Q]SN − iΛ∧Q(η,..., ) + qiE∧Q.
Therefore, the multivector fields are equal and we have obtained the explicit expression of the derivation
d−&−1c . ✷
We know by Remark 2.2 that d−&−1c =−(&−1c )∗ ◦ d ◦ &∗c and we have the following
Corollary 4.8. The cohomology given by σc on the algebra of multivector fields is isomorphic to the
de Rham cohomology of M .
Note that for f ∈C∞(M) and X ∈ Γ (TM) we have
σc(f )= [Λ,f ]SN −E ∧ [E,f ]SN =−Λ(df, )−E(f )E,
(4.8)σc(X)= [Λ,X]SN −E ∧ [E,X]SN − η(X)Λ+E ∧X.
In particular, σc(E)=−Λ and σc(Λ)=−(σc)2(E)= 0.
Remark 4.9. In [16] the authors define an adapted cohomology to the contact structure, the η-LJ
cohomology. Its definition is the following: Let us consider the subspace
VE,η(M)=
{
Q ∈ V(M) such that LEQ= [E,Q]SN = 0 and iηQ= 0
}
.
Then, the cohomology operator is given by σE,η(Q)= [Λ,Q]SN + qE ∧Q, for any Q ∈ VqE,η(M). Note
that this cohomology operator is just the restriction of σc to VE,η(M).
5. Star calculus on contact manifolds
We are interested in the definition of a star operator in a contact manifold (M,η) of dimension 2m+1.
The manifold M is orientable due to the fact that η ∧ dηm = 0 at every point of M .
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Let us consider as volume form of the contact manifold νη = η ∧ (dηm/m!). We define the C∞(M)-
linear morphism c :Ωk(M)→Ω2m+1−k(M) as
c(α) := i&−1c ανη,
where &−1c is the C∞(M)-linear extension to Ω(M) of the isomorphism &−1c defined in (4.2).
We need here a technical lemma that will be also used in the l.c.s. case.
Lemma 5.1 [19]. Let M be a manifold, Λ ∈ Γ (Λ2TM) be a bivector field and Ω ∈Ω2(M) be a 2-form
such that iΛ(Ω)=m, then
(i) iΛ(Ωkk! )= (m+ 1− k) Ω
k−1
(k−1)! .
(ii) iΛs
s!
(Ω
m
m! )= Ω
m−s
(m−s)! .
Using this lemma with Ω = dη and the fact that &−1c (dη)=Λ we have the following
Lemma 5.2. Let (M,η) be a contact manifold. Then,
(i) c(1)= νη, c(νη)= 1.
(ii) c( dη
s
s! )= η∧ dη
m−s
(m−s)! .
One can check easily that this operator does not satisfy that its square be the identity up to a sign. In
fact, let α1 ∈Ω1(M), then
(5.1)c(α1)= i&−1c α1
(
η ∧
(
dηm
m!
))
= α1(E) dη
m
m! − η ∧ α1 ∧
dηm−1
(m− 1)! ,
and
c
(
c(α1)
)= α1(E)η− i&−1c α1(i&−1c η(η ∧ dη))=−α1 + 2α1(E)η.
The reason of this problem is that the tensor field determined by the isomorphism &−1c , Λ+E⊗E, is
not purely symmetric (as in the case of a Riemannian metric) or purely skewsymmetric (as in the case of
a symplectic manifold), it is a mixed tensor field. Therefore, we need, in some sense, to “equilibrate” the
action of the operator c. We obtain that with the dual of the isomorphism &−1c .
We define the C∞(M)-linear morphism −1c :Ωk(M)→Ω2m+1−k(M) as
−1c (α) := i(&−1c )∗ανη,
where (&−1c )∗ is the C∞(M)-linear extension to Ω(M) of the dual isomorphism of &−1c . This
endomorphism has similar properties to c. In fact,
−1c (1)= νη, −1c (νη)= 1, −1c
(
dηs
s!
)
= η ∧ dη
m−s
(m− s)! .
Moreover, the notation is due to the fact that it is the inverse of the operator c, so the composition of
this two endomorphisms is the identity map.
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Proposition 5.3. Let (M,η) be a contact manifold, γ ∈Ωp(M) and Q ∈ Γ (ΛqTM), then
(i) −1c ◦ c|Ωk(M) = Id.
(ii) γ˜ = (−1)p(k−1) −1c ◦γ ◦ c|Ωk(M) = i(&−1c )∗γ .
(iii) i˜Q = (−1)qk −1c ◦ iQ ◦ c|Ωk(M) = &c(Q).
Proof. In order to prove the first item, let µ=E∧ (Λm/m!) and λ= η∧ (dηm/m!)= νη be nonvanishing
elements of Γ (Λ2m+1TM) and Ω2m+1(M). Now, for any α ∈Ωk(M), it is easy to show that
c(α)= i&−1c α(νη)=
(
λ ◦ &−1c
)
(α), −1c (α)= i(&−1c )∗α(νη)=
(
λ ◦
(
&−1c
)∗)
(α),
where λ(Q)= iQλ for any Q ∈ Γ (ΛTM). Moreover, we have that
(5.2)&−1c ◦ λ ◦
(
&−1c
)∗ = µ, (&−1c )∗ ◦ λ ◦ &−1c = µ,
and therefore,(
−1c ◦ c
)
(α)= (λ ◦ (&−1c )∗ ◦ λ ◦ &−1c )(α)= (λ ◦ µ)(α)= α,(
c ◦ −1c
)
(α)= (λ ◦ &−1c ◦ λ ◦ (&−1c )∗)(α)= (λ ◦ µ)(α)= α,
where we used (2.4) and the facts that dim M = 2m+ 1 and 〈λ,µ〉 = 1.
Parts (ii) and (iii) are obtained using (5.2) and (2.4). Let α ∈Ωk(M) then,
γ˜ (α)= (−1)p(k−1)(λ ◦ (&−1c )∗)(γ ∧ i&−1c αλ)= λ(((&−1c )∗ λ &−1c )α ∧ (&−1c )∗γ )
= i(&−1c )∗γ
(
(λ ◦ µ)(α)
)= i(&−1c )∗γ α,
i˜Q(α)= (−1)qk
(
λ ◦
(
&−1c
)∗)
(iQ ◦ i&−1c αλ)= (−1)qk λ
((
&−1c
)∗
λ &
−1
c
(
α ∧ &c(Q)
))
= (−1)qk λ
(
µ
(
α ∧ &c(Q)
))= &c(Q)∧ α,
and we have proved (ii) and (iii). ✷
In particular, we have that
η˜= i(&−1c )∗η = iE, d˜η = i(&−1c )∗dη = iΛ,
(5.3)i˜E = &c(E)= η, i˜Λ = &c(Λ)= dη.
We are now ready to give the relation between the generating operator of the Gerstenhaber bracket
induced by a contact structure, the exterior derivative and the star operators.
Theorem 5.4. Let (M,η) be a contact manifold. The generating operator ∂c :Ωk(M) → Ωk−1(M)
verifies that
∂c = d˜ = (−1)k+1 −1c ◦d ◦ c|Ωk(M),
where ∂c = LΛ+LE ◦ iE − η ◦ iΛ + iId ◦ iE −miE .
Proof. Note that &−1c is a linear isomorphism from the cotangent bundle into the tangent bundle, therefore
we can apply Corollary 2.4 and we only have to prove that &−1c = c . In fact, using (5.2) we have that
c = λ ◦ &−1c = &∗c ◦ µ = &−1c . ✷
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As a consequence of the theorem we have that c ◦ ∂c|Ωk(M) = (−1)k+1 d ◦ c|Ωk(M), and therefore we
have the following
Corollary 5.5. The homology on Ω(M) defined by the operator ∂c is isomorphic to the de Rham
cohomology of M .
6. Locally conformal symplectic manifolds
An almost symplectic manifold is a pair (M,Φ), where M is an even-dimensional manifold and Φ is a
non-degenerate 2-form on M . An almost symplectic manifold is said to be locally conformal symplectic
(l.c.s.) if for each point x ∈M there is an open neighborhood U such that d(e−σΦ)= 0, for some function
σ :U → R (see, for example, [8] and [23]). So, (U, e−σΦ) is a symplectic manifold. If U =M then M
is said to be a globally conformal symplectic (g.c.s.) manifold. An almost symplectic manifold (M,Φ)
is l.(g.)c.s. if and only if there exists a closed (exact) 1-form ω such that dΦ = ω ∧Φ. The 1-form ω is
called the Lee 1-form of M . It is obvious that the l.c.s. manifolds with Lee 1-form identically zero are
just the symplectic manifolds.
Let (M,Φ,ω) be a l.c.s., then one can define the isomorphism of C∞(M)-modules &6 :X (M) →
Ω1(M), X → &6(X)= iXΦ. Moreover, if we define the 2-vector Λ on M and the vector field E on M
given by
(6.1)Λ(α,β)=Φ(&−16 (α), &−16 (β)), E = &−16 (ω),
for all α,β ∈Ω1(M), then the isomorphism &−16 :Ω1(M)→X (M) is given by
&−16 (α)=−Λ(α, )=Λ( ,α).
Remark 6.1. It is known that a l.c.s. is a Jacobi manifold with the tensor fields Λ and E defined in (6.1).
Moreover, we have the following relations
&6(E)= ω, &−16 (Φ)=Λ, iEΦ = ω, iEω = 0, dω = 0.
In the following propositions we determine the Gerstenhaber bracket induced by a l.c.s. structure and
a generating operator of this bracket.
Proposition 6.2. Let (M,ω,Φ) be a l.c.s. manifold. Then the bracket induced by &−16 is characterized by
[[f,h]]&−16 = 0,
(6.2)[[df,h]]&−16 =Λ(df, dh),
[[df, dh]]&−16 = dΛ(df, dh)+Λ(df, dh)ω−E(f ) dh+E(h)df,
for any f,h ∈C∞(M).
Proof. Let f,h ∈C∞(M), then using Lemma 2.9 we have that
[[df,h]]&−16 =−&
−1
6 (df )(h)=−Λ(dh, df )=Λ(df, dh),
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[[df, dh]]&−16 =−&
−1
6
([Λ( ,df ),Λ( , dh)])
= dΛ(df, dh)+Λ(df, dh)ω−E(f ) dh+E(h)df. ✷
Let us give the value of the bracket [[ , ]]&−16 on the Lee 1-form, ω, and on Φ. We have that
[[ω,ω]]&−16 =−&6
([
&−16 (ω), &
−1
6 (ω)
]
SN
)=−&6[E,E]SN = 0,
(6.3)[[Φ,ω]]&−16 =−&6
([
&−16 (Φ), &
−1
6 (ω)
]
SN
)=−&6[Λ,E]SN = 0,
[[Φ,Φ]]&−16 =−&6
([
&−16 (Φ), &
−1
6 (Φ)
]
SN
)=−&6[Λ,Λ]SN = 2&6(E ∧Λ)= 2ω ∧Φ = 2dΦ.
Proposition 6.3. Let (M,ω,Φ) be a l.c.s. manifold and let Id be the identity map of the cotangent
bundle. Then, the differential operator
∂ =LΛ − ω ◦ iΛ + iId ◦ iE
generates the bracket induced by the isomorphism &−16 , [[ , ]]&−16 = [[ , ]]∂ . Moreover, ∂2 = 0.
Proof. Let us determine the value of ∂2,
∂2 = 12 [∂, ∂] = 12 [LΛ,LΛ] − [LΛ,ω] ◦ iΛ + ω ◦ [LΛ, iΛ] +LΛ ◦ iE
+ ω ◦ [iΛ,ω] ◦ iΛ − [ω ◦ iΛ, iId] ◦ iE − iId ◦ [ω ◦ iΛ, iE]
=− 12L[Λ,Λ]SN −LE ◦ iΛ − ω ◦ i[Λ,Λ]SN +LΛ ◦ iE − 2ω ◦ iE ◦ iΛ
= 0,
where we used the relations [iΛ,ω] = −iE , [LΛ,ω] = LE , LE∧Λ =−LΛ ◦ iE +LE ◦ iΛ and [Λ,Λ]SN =
−2E ∧Λ. ✷
It can be proved that the derivations on Ω(M) of degree 0 and degree 1 associated to ω and Φ are the
following
[[ω, ]]&−16 =−
([∂,ω] − ∂(ω))=−LE,
(6.4)[[Φ, ]]&−16 = [∂,Φ] − ∂(Φ)=−d +Φ ◦ iE + ω ◦ iId,
where we used that [iΛ,Φ] =−iId +m.
The explicit expression of the generating operator ∂ and Proposition 2.5 allows us to obtain an explicit
expression for the derivation of degree 1 on the algebra of multivector fields induced by a l.c.s. structure.
Proposition 6.4. The derivation of degree 1 and null square on V(M) defined by the Lie algebroid
structure (T ∗M,a =−&−16 , [[ , ]]&−16 ) can be written as
σ6(Q)= d−&−16 (Q)=
(
&−16 ◦ d ◦ &6
)
(Q)= [Λ,Q]SN −Λ∧Q(ω, . . . , )+ qE ∧Q,
where Q ∈ Γ (ΛqTM).
196 J.V. Beltran / Differential Geometry and its Applications 16 (2002) 181–198
Proof. Let Q ∈ Γ (ΛqTM) be a multivector field then using Proposition 2.5 we have
id−&−1
6
Q=−(−1)q[∂, iQ] = (−1)q−1
([LΛ, iQ] − [ω, iQ] ◦ iΛ + (−1)q[iId, iQ] ◦ iE)
= i[Λ,Q]SN − iΛ∧Q(ω,..., ) + qiE∧Q,
and we have obtained the explicit expression of the derivation d−&−16 . Note that, as a consequence of
(∂)2 = 0, the operator σ6 is a cohomology operator. This is, σ 26 (Q) is the multivector field determined by−[∂, [∂, iQ]] = −2[∂2, iQ] = 0. ✷
Note that for f ∈ c∞(M) and X ∈X (M) we have
σ6(f )= [Λ,f ]SN =−Λ(df, ),
(6.5)σ6(X)= [Λ,X]SN − ω(X)Λ+E ∧X.
In particular, σ6(E)= 0 and σ6(Λ)=E ∧Λ. Or, in other words,
[∂, iE] = 0, [∂, iΛ] = −iE∧Λ,
[∂,LE] = 0, [∂,LΛ] = 2(LE∧Λ + ω ◦ iE∧Λ).
7. Star calculus on l.c.s. manifolds
Let (M,ω,Φ) be a l.c.s. manifold and let νΦ = Φm/m! be a volume form on M . We can define the
C∞(M)-morphism 6 :Ωk(M)→Ω2m−k(M) using the isomorphism &−16 as follows
6(α) := i&−16 ανΦ,
and using that &−16 Φ =Λ and Lemma 5.1, we have that
6(1)= νΦ, 6(νΦ)= 1, 6
(
Φs
s!
)
= Φ
m−s
(m− s)! .
Some properties of the star operator are given in the following
Proposition 7.1. Let (M,ω,Φ) be a l.c.s. manifold, γ ∈Ωp(M) and Q ∈ Γ (ΛqTM), then
(i) 6 ◦ 6|Ωk(M) = Id.
(ii) γ˜ = (−1)p(k−1) 6 ◦γ ◦ 6|Ωk(M) = i(&−16 )∗γ = (−1)p i&−16 γ .
(iii) i˜Q = (−1)qk 6 ◦ iQ ◦ 6|Ωk(M) = &6(Q).
Proof. In order to prove the first item, let µ=Λm/m! and λ=Φm/m! = νΦ be nonvanishing elements
of Γ (Λ2mTM) and Ω2m(M). Now, it is easy to show that 6 = (λ ◦ &−16 ), where λ(Q)= iQλ, for any
Q ∈ Γ (ΛTM). Moreover, we have that
(7.1)&−16 ◦ λ ◦ &−16 |Ωk(M) = (−1)k µ |Ωk(M),
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and therefore,
(6 ◦ 6)|Ωk(M) =
(
λ ◦ &−16 ◦ λ ◦ &−16
)|Ωk(M) = (−1)k(λ ◦ µ)|Ωk(M) = Id|Ωk(M),
where we used (2.4) and the facts that dim M = 2m and 〈λ,µ〉 = 1.
The proof of parts (ii) and (iii) is a straightforward calculation using expressions (7.1) and (2.4). ✷
In particular, we have
ω˜=−i&−16 ω =−iE, Φ˜ = i&−16 Φ = iΛ,
(7.2)i˜E = &6(E)= ω, i˜Λ = &6(Λ)=Φ.
Theorem 7.2. Let (M,ω,Φ) be a l.c.s. manifold, then
∂6 = (−1)k+1 6 ◦d ◦ 6|Ωk(M),
where ∂6 = LΛ −ω ◦ iΛ + iId ◦ iE − (m− 1)iE is a generating operator of the bracket [[ , ]]&−16 .
Proof. Note that if we consider in Corollary 2.4 the isomorphism &−16 then the star operator defined by
the isomorphism coincides with the star operator 6. In fact, for any α ∈Ω(M), we have that
&−16
(α)= &∗6
(
µ(α)
)= i&−16 αλ= 6(α),
where µ = Λm/m! and λ = Φm/m! = νΦ . Therefore, we know that ∂6 = (−1)k+1 6 ◦d ◦ 6|Ωk(M) is a
generating operator. Moreover, using Proposition 6.3, we know that ∂6 =LΛ−ω ◦ iΛ+ iId ◦ iE + iX, for
some vector field X. Let us determine X: On the one hand,
∂6(α)= 6 ◦ d ◦ 6(α)= (6 ◦ d)
(
α ∧ Φ
m−1
(m− 1)!
)
= (i&−16 dα − (m− 1)i&−16 (α∧ω))
(
6
(
Φm−1
(m− 1)!
))
=Λ(dα)− (m− 1)α(E),
for any α ∈Ω1(M), and on the other hand
∂6(α)= iΛ(dα)+ iX(α).
Therefore, X =−(m− 1)E. ✷
It has to be noted that if we consider, instead of the exterior derivative, the derivation of degree 1 and
null square on Ω(M), d − (m− 1)ω, then we have that
∂ = (−1)k+1 6 ◦
(
d − (m− 1)ω) ◦ 6|Ωk(M) = LΛ −ω ◦ iΛ + iId ◦ iE.
This is, we obtain the generating operator of Proposition 6.3.
Remark 7.3. The derivation d + ω was used in [8] to study the dω-cohomology of a l.c.s. manifold.
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